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The main purpose of this article is to study the effect of MHD, internal heat generation, thermal radiation and 
nanoparticle volume mass on an unsteady free convection motion of a nanofluid over the infinite vertical sheet. Nanofluids 
involving nanoparticles of silver, aluminum oxide, copper and titanium oxide with a nanoparticle volume concentration 
range smaller than or equal to 0.04 were taken. The numerical solutions of governing boundary value problems were gained 
by the Laplace transform algorithm and symbolic computation software MATLAB. The effects of MHD, heat generation, 
radiation and nanoparticle volume concentration on the velocity, energy and mass descriptions are depicted graphically. The 
skin friction coefficient, Nusselt number and Sherwood number are also investigated. 
[Keywords: Free convection, Heat generation, MHD flow, Nanofluid, Radiation]  
Introduction  
In current years several researchers have studied 
free convection motion of a viscous incompressible 
liquid through a vertical sheet due to its broad 
applications in the nuclear cooling structure model. In 
nuclear reactors, a reactor is a device employed to 
initiate and control a sustained nuclear chain reaction. 
The reactor is made of many parallel vertical plates 
with heat generation.  Liquid cooling and heating 
participate in pivotal tasks in various industrial and 
technological processes, especially in nuclear 
reactors, power generation and transportation, thin-
film, solar power collectors and in much more 
execution. These processes, utilize the established 
heat transfer fluids, for example, ethylene glycol, oil 
and water heat transfer capacity due to very low 
thermal conductivity. 
 The accumulation of solid nanoparticles to these 
ordinary liquids enhances thermal conductivity. Thus 
a base fluid (water, oil, ethylene glycol, etc.) 
involving solid nanoparticles (for example ,32OAl  
,Cu
,2TiO Ag , etc.) is known as nanofluid
1
. Nanofluids 
have been proved to be free from problems for 
example high-pressure drop, erosion, sedimentation, 
and a smaller particle volume fraction is required to 
enhance the energy transfer as differentiated to 
microparticle slurries. Parida and Mishra
2 
have 
studied the heat and mass transfer of 
magnetohydrodynamic motion of nanofluids under 
the influence of chemical reaction and magnetic field. 
Kuznetsov and Nield
3 
have analyzed the free 
convection laminar motion of a nanofluid over a 
vertical surface under the influence of Brownian flow 
and thermophoresis. Wakif et al.
4
 have reported 
Buongiorno’s mathematical model for examining the 
impacts of a uniform transverse magnetic field and 
the volumetric fraction of nanoparticles. They have 
studied various aspects of the contribution of physical 
parameters on the flow phenomena that enhances the 
thermal properties. Moreover, they have used an 
approximate analytical technique to solve the 
complex nonlinear coupled differential equations. 
Makinde and Mishra
5
 have studied the influence of 
thermal radiation on the stagnation point laminar 
motion of inconsistent viscosity water base nanofluid 
past an extending sheet. The novelty of their work is 
the study of streamlines for various stream functions. 
Sithole et al.
6
 studied the unsteady 
magnetohydrodynamic Maxwell nanofluid motion 




over a reduction sheet under the influence of 
Brownian motion and thermophoresis, convective and 
slip boundary situations. Hayat et al.
7 
analyzed the 
melting transfer of energy of a stagnation position 
flow of nano liquid past an expanding surface with 
thermal radiation and heat source/sink. The effect of 
melting is to draw the heat from the surface of the 
fluid in its boundary layer. It also provides a 
significant reduction in the rate of heat transfer near 
the surface. In an effort, Stokes
8
 has analyzed an 
unsteady motion over a spontaneously started infinite 
sheet. The problem considered by Stokes is the 
primary problem in fluid mechanics and energy 
transfer and is famous as Stokes's problems.  Raptis 
and Tzivanidis
9 
investigated the impacts of the heat 
source and mass transfer on the Stokes problem for an 
infinite vertical sheet. Many researchers
10-13
 studied 
that the thermal conductivity of exclusion can 
enhance by over 25 % with a very small nanoparticle 
volume concentration.  Pak and Cho
14
 reported heat 
transfer in 2 types of nanofluids and reported that with 
an increase in the volume fraction of suspended solid 
particles and Reynolds number, the corresponding 
Nusselt number of the isolated liquid enhances. Wen 
and Ding
15 
have examined natural convective 
nanofluids connecting titanium oxide particles. 
Loganathan et al.
16
 explored the importance of 
radiation and nanoparticle concentration on an 
unsteady free convection motion of a nanofluid over 
an infinite perpendicular sheet.  Rohni et al.
17
 reported 
the unsteady motion over a continuously shrinking 
sheet in the presence of wall mass suction in 
nanofluids. The boundary layer of an unsteady 2-D 
stagnation-point motion of a nanofluid was 
investigated by Bachok et al.
18
. Sheikholeslami  
et al.
19 
have analyzed the impact of radiation on MHD 
nanofluid motion and the transfer of heat of 2-phase 
mathematical representation. Further, Sheikholeslami 
and Ganji
20
 have analyzed the nanofluid with a 
magnetic field. Sheikholeslami and Rashidi
21 
have 
shown the impact of space-dependent magnetic field 
on natural convection of Fe3O4–water nanofluid. 
Sheikholeslami et al.
22
 have studied magneto-hydro-
dynamic natural convection of Alumina–water 
nanofluid with radiation. Sheikholeslami et al.
23
 have 
shown that the impact of the non-uniform magnetic 
field on the forced convective transfer of heat of 
Fe3O4-water nanofluid. Khan and Pop
24
 have studied 
that the laminar motion of a water-based nanofluid 
past an extending sheet. Das et al.
25
 have studied an 
unsteady free convective motion over a vertical sheet 
under the influence of heat and mass fluxes through 
radiation. Shehzad et al.
26 
have reported the effect of 
convection transfer of heat and mass conditions with 
the magnetohydrodynamic motion of water-based 
nanofluid. Hayat et al.
27
 have studied magneto-hydro-
dynamic 3-D motion of nanofluid with slip velocity 
and radiation. Das et al.
28
 have investigated the 
transient natural convective in a vertical waterway 
filled with nanofluids with radiation. Kameswaran  
et al.
29
 have analyzed that nanofluids saturated 
permeable medium under the influence of convection 
boundary circumstances. Awad et al.
30
 investigated 
those dual scattering results in a nanofluid motion in 
the presence of a non-Darcy permeable media. 
Rashadi et al.
31
 investigated the significance of 
nanofluid saturated non-Darcy porous medium with 
viscous dissipation on mixed convection under the 
convective boundary condition. 
The key intent of this effort is to examine velocity, 
the transfer of heat and mass of nanofluids on 
magnetohydrodynamic, thermal radiation and heat 
generation impacts on a transient free convection 
motion of ,Ag ,2TiO ,32OAl Cu  and nanoparticles 
among water while a base liquid over an infinite 
perpendicular sheet.  
 
Materials and Methods 
Mathematical Model  
The present study has examined an unsteady MHD 
natural convective 2-D motion of an incompressible 
electrically conducting nanofluid over an impetuously 
vertical sheet with thermal radiation. The direction of 
motion is taken along the x axis directed alongside 
 
 
Fig. 1 — Flow Schematic diagram 




the vertical sheet in the upward direction, and the  
y axis is assumed normal to it (Fig. 1). 
Initially, at ,0't the sheet and nanofluid are taken 
at a similar temperature. At ,0't the sheet is in the 
position of rest, at ,0't the plate initiates to move in 
the vertical direction having a constant velocity .0u
we consider the viscous dissipation effect to be 
negligible, and the fluid has a volumetric rate of heat 
generation
0Q . The temperature T  of the surface is 
taken as a stable and is superior to the temperature of 
the ambient nanofluid 
T . In this study, we have 
taken water-based nanofluids, each involving four 
different kinds of nanoparticles i.e. copper, silver, 
aluminum oxide, and titanium oxide. 
The basic unsteady momentum, energy and 
concentration equations based on the mathematical 












































































































                           ... (3)
  
 


















0             ... (4) 
 
Employing the Rosseland estimation for thermal 
radiation by Brewster
34
, the radiation energy flux is 
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It is supposed that there is temperature variation in 
the motion, the expression 
4T in Taylor’s series about 




434 34   TTTT                ... (7) 
 
The expressions of density
nf , thermal expression 
coefficient  nf  , and heat capacitance  nfCp  are 
expressed as 
 
        
      




















The efficient thermal conductivity of the nanofluid 
computed with the help of the Maxwell-Garnett 
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The above thermal conductivity model is used only 
when nanoparticles are spherical. Brinkman has given 
the effective viscosity of the nanofluids follows: 
 
  5.21   fnf            … (10) 
 
Table 1 contains the thermophysical properties of 
the nanofluids. Now let us introduce the subsequent 



















































































































Now the dimensionless governing partial 
differential equations (1), (2) and (3) with boundary 
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Equations (12)-(14) with (15) are explained by 
applying the LT method. The momentum U , energy 
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Table. 1 — Thermophysical characteristic of nanoparticle  




 OH 2  
Silver 
 Ag  
Alumina 
 32OAl  
Copper 
 Cu  
Titanium 
oxide  2TiO  





















 0.613 429 40 401 8.9528 
 1510  K  21 1.89 0.85 1.67 0.9 
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The Nusselt number, skin friction coefficient, and 



















































































        … (19) 
 
Results and Discussion  
The PDE (12), (13) and (14) with boundary 
condition equation (15) are calculated by using the 
Laplace transform method to obtain the exact result. 
The numerical simulation is done for the diverse 
values of variables concerned with the problem. The 
range of nanoparticle volume concentration is taken in 
the range 06.00  . If nanoparticle volume 
concentration exceeds 8 percent then sedimentation 
takes place. 
In the current investigation, the spherical shape of 
nanoparticles is considered. We have taken pure 
water-based nanofluids, copper, titanium oxide 
aluminum oxide and silver. The value of the Pr of the 
liquid is assumed to be 6.2 for numerical simulation. 
The momentum )(U , energy )( , and concentration
)(  are calculated by the equations (16), (17) and 
(18) respectively.  
The transient velocity U is shown is related to a 
parameter function   for diverse values of 
nanoparticle volume concentration   and M in Figure 
2 for Copper-water nanofluid. It is noticed that the 
velocity reduces as the value of nanoparticle volume 
concentration   and M enhances. Because, increasing 
the transverse magnetic field of a conductive fluid 
produces a resistance called Lorentz force, similar to 
drag force and increasing the value of M tends to 
increase drag force and reduce fluid velocity and the 
liquid embellishes extra viscous by enhancing the 
value of nanoparticle volume friction   which guides 
to reduce the nanofluids momentum. In Figure 3, the 
velocity description U of the aluminum oxide water 
nanofluid as a function of   for distinct values of the 
time t and Hartmann number .M  Figure 3 indicates 
that the momentum reduces as the value of time t and 
Hartmann number M  enhances. In Figure 4, the 
velocity description U of the silver water nanofluid is 
related to a parameter function of   for distinct 
values of   and Hartmann number .M  Figure 4 
indicates that the momentum reduces as the value of 
  and Hartmann number M  enhances. Figure 5 
shows the velocity profile U  is related to a parameter 
function of  for nanofluid containing different 
nanoparticles. Figure 5 indicates that the velocity is 
different for different nanofluid and the velocity of 
silver-water nanofluid is smaller compared to the 
other nanofluids.  In Figure 6, the momentum 
distribution U is related to a parameter function    for 
distinct values of Kp and Gm  for different 
nanoparticles. In Figure 6(a), for silver water 




Fig. 2 — Velocity U versus the parameter  for a Copper-water nanofluid at
,5.1,4.0,6,2.6Pr  ScQGr 1,5.0,3,2.0  RaKGmt ch
and 1Kp for 
different values of nanoparticle volume concentration and M 




the value of Kp and Gm  enhances. In Figure 6(b), 
for copper water nanofluid, we noticed that the 
momentum reduces as the value of Kp and Gm  
enhances. In Figure 6(c) for aluminum oxide-water 
nanofluid, we noticed that the momentum reduces as 
the value of Kp and Gm  enhances. In Figure 6(d), 
for titanium oxide-water nanofluid, we noticed that 
the momentum reduces as the value of Kp and Gm  
enhances. 
In Figure 7, the momentum distribution U is related 
to a parameter function    for distinct values of 
chemical reaction chK  for different nanoparticles. In 
Figure 7(a), for copper water nanofluid, we have seen 
that the momentum improves as the value of chemical 
reaction chK  increases. In Figure 7(b), for silver 
water nanofluid, we have seen that the momentum 
improves as the value of chemical reaction chK  
increases. In Figure 7(c), for aluminum oxide-water 
nanofluid, we noticed that the momentum enhances as 
 
Fig. 3 — Velocity U versus the parameter  for an Aluminum oxide 
water nanofluid at ,6,2.6Pr  Gr ,3,06.0,5.0,4.0,5.1  GmKQSc ch 
11  KpandRa or different values of M and time t 
 
 
Fig. 4 — Velocity U versus the parameter  for  
a Silver water nanofluid at ,5.1,6,2.6Pr  ScGr  
1,3,1,5.0,2.0,4.0  RaandGmKpKtQ ch for different 




Fig. 5 — Velocity U versus the parameter  at 
5.0,06.0,4.0,5.1,1,1,6,2.6Pr  chKQScKpMGr   1,3  RaGm





Fig. 6 — Velocity U versus the parameter   at 
1,1,06.0,2.0,4.0,5.1,2.6Pr,6  RaMtQScGr   and 5.0chK
for different values of Kp and Gm (a): Silver water nanofluid; (b): 
Copper water nanofluid; (c): Aluminium oxide-water nanofluid; 
and (d): Titanium oxide-water nanofluid.   
 




the value of chemical reaction chK  increases. In 
Figure 7(d), for titanium oxide-water nanofluid, we 
noticed that the momentum improves as the value of 
chK  enhances.  
In Figure 8, The temperature   is shown is related 
to a parameter function  for diverse values of Q and 
t  for copper-water nanofluid and titanium oxide -
water nanofluid, we observed in Figure 8(a), the 
temperature reduces as the value of Q  
and t  
enhances for copper-water nanofluid and we observed 
in Figure 8(b) the temperature reduces as the value of 
Q  
and t  enhances for titanium oxide-water 
nanofluid. Because enhance in the fluid temperature 
causes extra induce motion in the direction of the 
surface during the thermal buoyancy impact and the 
higher value of Q the thickness of the thermal boundary 
film is reduces.  
In Figure 9, The temperature   is depicted is related 
to a function of the parameter 
 
for distinct values of 
Ra  and time t  for copper-water nanofluid. It can be 
 
 
Fig. 7. Velocity U versus the parameter   at 
,1,6.0,2.0,4.0,5.1,6,2.6Pr  KptQScGr 
 13,1  RaandGmM for different values of chK (a): Copper water 
nanofluid; (b): Silver water nanofluid; (c): Aluminum oxide-water 




Fig. 8 — Temperature θ versus the parameter   at 
6.0,2.6Pr    and 1Ra for diverse values of time t and Q (a): 




Fig. 9 — Temperature θ versus the parameter  for a Copper 
water nanofluid at ,2.6Pr   4.004.0  Qand for different 
values of the time t and Ra. 
 
 
Fig. 10 — Temperature θ versus the parameter  for an 
Aluminium oxide water nanofluid at ,2.6Pr   
24.0  RaandQ for different values of nanoparticles volume 
concentration   and time t . 
 




noticed in Figure 9 the temperature increases as the 
value of Ra  and time t  enhances. Physically, this 
means that as Ra  improves, the amount of heat energy 
transfers to the fluid is improved. From Figure 10, we 
can observe that the temperature decreases for aluminum 
oxide-water nanofluid as the value of nanoparticle 
volume concentration   and time t increases. From 
Figure 11, we can observe that the depiction of mass 
reduces for ,chK ,Sc  and t  value improves. 
 
Conclusions 
In the present work, we have studied an unsteady 
natural convective motion of a nanofluid over an 
infinite vertical sheet with the magnetic field, heat 
source and radiation effect. The dimensionless PDEs 
along with the limiting situations are explained by 
applying the Laplace transform method. The 
momentum, energy and concentration profiles of 
different types of nanofluid along with different 
nanoparticle volume concentrations are studied. The 
analytical and numerical results are also derived for 
the Nusselt number and skin friction coefficient. 
In this paper we can summarize this analysis as 
follows:  
It is proved that the momentum decreases as the 
value of nanoparticle volume concentration  
  increases and the velocity reduce as the value of 
Hartmann number M  enhances. The temperature 
decreases as the value of the heat generation 
parameter ,Q Ra  and time t  increases. The 
temperature decreases for aluminum oxide-water 
nanofluid as the value of nanoparticle volume 
concentration   and time t  enhances. The Nusselt 
number reduces with an enhance in the nanoparticle 
volume concentration . The skin friction coefficient 
fC  enhances as nanoparticle volume concentration 
  increases. It is also proved that as time increases, 
the skin friction coefficient decreases and becomes 
negative, which proves that a reverse type of flow 
arises near the plate. 
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